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1. INTRODUCTION
w xIn 3, p. 253 the following extension of Hilbert's double-series theorem
is given.
1 1 1 1 1THEOREM A. If p ) 1, q ) 1, q G 1, 0 - l s 2 y y sp q p q p9
1q G 1, thenq9
1rp 1rq‘ ‘ ‘ ‘a bm n p qF K a b ,ÝÝ Ý Ým nl ž / ž /m q nŽ .1 1 1 1
Ž .where K s K p, q depends on p and q only.
w xThe following integral analogue of Theorem A is also given in 3, p. 254 .
THEOREM B. Under the same conditions as in Theorem A we ha¤e
1rp 1rq
‘ ‘ ‘ ‘f x g yŽ . Ž .
p qdx dy F K f dx g dy ,H H H Hl ž / ž /0 0 0 0x q yŽ .
Ž .where K s K p, q depends on p and q only.
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An excellent account related to the above inequalities and many impor-
w x wtant applications in analysis can be found in 3, Chap. 9 ; see also 1, 2,
x w x4]6, 12 . Recently, in 8]11 the present author has established some new
inequalities similar to Hilbert's double-series inequality and its integral
analogue which we believe will serve as a model for further investigation.
The main purpose of this paper is to establish some new inequalities
similar to the inequalities given in Theorems A and B by using fairly
elementary analysis. Our results provide new estimates on inequalities of
this type.
2. STATEMENT OF RESULTS
In what follows we denote by R the set of real numbers. Let N s
 4  4  41, 2, . . . , N s 0, 1, 2, . . . , N s 0, 1, 2, . . . , a , a g N. We define the0 a
Ž . Ž . Ž .operator = by =u t s u t y u t y 1 for any function u defined on N .0
Ž . Ž .For a function ¤ s, t : N = N “ R, we define the operators = ¤ s, t s0 0 1
Ž . Ž . Ž . Ž . Ž . Ž .¤ s, t y ¤ s y 1, t , = ¤ s, t s ¤ s, t y ¤ s, t y 1 , and = = ¤ s, t s2 2 1
Ž Ž .. Ž Ž .. w . Ž . w .= = ¤ s, t s = = ¤ s, t . Let I s 0, ‘ , I s 0, ‘ , I s 0, b , b g I ,2 1 1 2 0 b 0
denote the subintervals of R. For any function u: I “ R, we denote by u9
Ž .the derivative of u, and for the function u s, t : I = I “ R, we denote the
Ž . Ž . Ž . Ž . Ž 2 . Ž .partial derivatives ›r› s u s, t , ›r› t u s, t , and › r› s › t u s, t by
Ž . Ž . Ž . Ž .D u s, t , D u s, t , and D D u s, t s D D u s, t , respectively.1 2 2 1 1 2
Our main result is given in the following theorem.
1 1 Ž .THEOREM 1. Let p ) 1, q ) 1 be constants and let q s 1. Let a s :p q
Ž . Ž . Ž .N “ R, b t : N “ R, and a 0 s b 0 s 0. Thenm n
1rpm n m< < < <a s b tŽ . Ž . p< <F M p , q , m , n m y s q 1 =a sŽ . Ž . Ž .Ý Ý Ýpy1 qy1 ž /qs q ptss1 ts1 ss1
1rqn
q< <= n y t q 1 =b t 1Ž . Ž . Ž .Ýž /
ts1
for m, n g N, where
1
Ž py1.r p Žqy1.r qM p , q , m , n s m n 2Ž . Ž .
pq
for m, n g N.
An integral analogue of Theorem 1 is established in the following
theorem.
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1 1 Ž .THEOREM 2. Let p ) 1, q ) 1 be constants and let q s 1. Let f sp q
Ž .and g t be real-¤alued continuous functions defined on I and I , respec-x y
Ž . Ž .ti¤ely, and let f 0 s g 0 s 0. Then
1rp< < < <x y xf s g tŽ . Ž . p< <ds dt F K p , q , x , y x y s f 9 s dsŽ . Ž . Ž .H H Hpy1 qy1 ž /qs q pt0 0 0
1rqy
q< <= y y t g 9 t dt 3Ž . Ž . Ž .Hž /0
for x, y g I , where0
1
Ž py1.r p Žqy1.r qK p , q , x , y s x y 4Ž . Ž .
pq
for x, y g I .0
Ž w x.Remark 1. If we apply the elementary inequality see 7, p. 30
z p z q 1 11 2
z z F q , z G 0, z G 0, q s 1, p ) 1, 5Ž .1 2 1 2p q p q
Ž . Ž .on the right-hand sides of 1 and 3 , then we get the following inequali-
ties
m n < < < <a s b tŽ . Ž .
Ý Ý py1 qy1qs q ptss1 ts1
m1 p< <F M p , q , m , n m y s q 1 =a sŽ . Ž . Ž .Ýp ss1
n1 q< <q n y t q 1 =b t 6Ž . Ž . Ž .Ýq ts1
and
< < < <x y f s g tŽ . Ž .
ds dtH H py1 qy1qs q pt0 0
x y1 1p q< < < <F K p , q , x , y x y s f 9 s ds q y y t g 9 t dt .Ž . Ž . Ž . Ž . Ž .H Hp q0 0
7Ž .
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In the following theorems we establish the two independent variable
versions of the inequalities given in Theorems 1 and 2.
1 1THEOREM 3. Let p ) 1, q ) 1 be constants and let q s 1. Letp q
Ž . Ž . Ž . Ž .a s, t : N = N “ R, b k, r : N = N “ R, and a 0, t s b 0, t s 0,x y z w
Ž . Ž .a s, 0 s b s, 0 s 0. Then
yx z w < < < <a s, t b k , rŽ . Ž .
Ý Ý Ý Ý py1 qy1ž /q st q p krŽ . Ž .ss1 ts1 ks1 rs1
F L p , q , x , y , z , wŽ .
1rpyx
p< <= x y s q 1 y y t q 1 = = a s, tŽ . Ž . Ž .Ý Ý 2 1ž /
ss1 ts1
1rqz w
q< <= z y k q 1 w y r q 1 = = b k , r 8Ž . Ž . Ž . Ž .Ý Ý 2 1ž /
ks1 rs1
for x, y, z, w g N, where
1 Ž . Ž .py1 rp qy1 rqL p , q , x , y , z , w s xy zw 9Ž . Ž . Ž . Ž .
pq
for x, y, z, w g N.
1 1THEOREM 4. Let p ) 1, q ) 1 be constants and let q s 1. Letp q
Ž . Ž .f s, t and g k, r be real-¤alued continuous functions defined on I = I andx y
Ž . Ž . Ž . Ž .I = I , respecti¤ely, and let f 0, t s g 0, t s 0, f s, 0 s g s, 0 s 0. Thenz w
< < < <x y z w f s, t g k , rŽ . Ž .
dk dr ds dtH H H H py1 qy1ž /0 0 0 0 q st q p krŽ . Ž .
1rpx y
p< <F C p , q , x , y , z , w x y s y y t D D f s, t ds dtŽ . Ž . Ž . Ž .H H 2 1ž /0 0
1rqz w
q< <= z y k w y r D D g k , r dk dr 10Ž . Ž . Ž . Ž .H H 2 1ž /0 0
for x, y, z, w g I , where0
1 Ž . Ž .py1 rp qy1 rqC p , q , x , y , z , w s xy zw 11Ž . Ž . Ž . Ž .
pq
for x, y, z, w g I .0
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Ž .Remark 2. By applying the elementary inequality 5 on the right-hand
Ž . Ž .sides of 8 and 10 , we get the following inequalities
yx z w < < < <a s, t b k , rŽ . Ž .
Ý Ý Ý Ý py1 qy1ž /q st q p krŽ . Ž .ss1 ts1 ks1 rs1
F L p , q , x , y , z , wŽ .
yx1 p< <= x y s q 1 y y t q 1 = = a s, tŽ . Ž . Ž .Ý Ý 2 1p ss1 ts1
z w1 q< <q z y k q 1 w y r q 1 = = b k , r 12Ž . Ž . Ž . Ž .Ý Ý 2 1q ks1 rs1
and
< < < <x y z w f s, t g k , rŽ . Ž .
dk dr ds dtH H H H py1 qy1ž /0 0 0 0 q st q p krŽ . Ž .
x y1 p< <F C p , q , x , y , z , w x y s y y t D D f s, t ds dtŽ . Ž . Ž . Ž .H H 2 1p 0 0
z w1 q< <q z y k w y r D D g k , r dk dr . 13Ž . Ž . Ž . Ž .H H 2 1q 0 0
3. PROOFS OF THEOREMS 1 AND 2
From the hypotheses of Theorem 1, it is easy to observe that the
following identities hold
s
a s s =a t , 14Ž . Ž . Ž .Ý
ts1
t
b t s =b s 15Ž . Ž . Ž .Ý
ss1
Ž . Ž .for s g N , t g N . From 14 and 15 and using Holder's inequality withÈm n
Ž . Ž .indices p, pr p y 1 and q, qr q y 1 , respectively, we have
1rps
Ž .py1 rp p< < < <a s F s =a t , 16Ž . Ž . Ž . Ž .Ýž /
ts1
1rqt
Ž .qy1 rq q< < < <b t F t =b s 17Ž . Ž . Ž . Ž .Ýž /
ss1
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Ž . Ž .for s g N , t g N . From 16 and 17 and using the elementary inequal-m n
Ž .ity 5 , we observe that
< < < <a s b tŽ . Ž .
1rq1rps t
Ž . Ž .py1 rp qy1 rq p q< < < <F s t =a t =b sŽ . Ž . Ž . Ž .Ý Ýž / ž /
ts1 ss1
1rq1rppy1 qy1 s ts t p q< < < <F q =a t =b s 18Ž . Ž . Ž .Ý Ýž / ž /p q ts1 ss1
Ž .for s g N , t g N . From 18 we observe thatm n
1rq1rps t< < < <a s b t 1Ž . Ž . p q< < < <F =a t =b s 19Ž . Ž . Ž .Ý Ýpy1 qy1 ž / ž /pqqs q pt ts1 ss1
Ž .for s g N , t g N . Taking the sum on both sides of 19 first over t fromm n
1 to n and then over s from 1 to m of the resulting inequality and using
Ž . Ž .Holder's inequality with indices p, pr p y 1 and q, qr q y 1 and inter-È
changing the order of summations, we observe that
1rpm n m s< < < <a s b t 1Ž . Ž . p< <F =a tŽ .Ý Ý Ý Ýpy1 qy1 ½ 5ž /pqqs q ptss1 ts1 ss1 ts1
1rqn t
q< <= =b sŽ .Ý Ý½ 5ž /
ts1 ss1
1rpm s1 Ž .py1 rp p< <F m =a tŽ . Ž .Ý Ý½ 5ž /pq ss1 ts1
1rqn t
Ž .qy1 rq q< <= n =b sŽ . Ž .Ý Ý½ 5ž /
ts1 ss1
1rpm
p< <s M p , q , m , n m y s q 1 =a sŽ . Ž . Ž .Ýž /
ss1
1rqn
q< <= n y t q 1 =b t .Ž . Ž .Ýž /
ts1
The proof of Theorem 1 is complete.
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From the hypotheses of Theorem 2, we have the following identities
s
f s s f 9 t dt , 20Ž . Ž . Ž .H
0
t
g t s g 9 s ds 21Ž . Ž . Ž .H
0
Ž . Ž .for s g I , t g I . From 20 and 21 and using Holder's integral inequal-Èx y
Ž . Ž .ity with indices p, pr p y 1 and q, qr q y 1 , respectively, we have
1rpsŽ .py1 rp p< < < <f s F s f 9 t dt , 22Ž . Ž . Ž . Ž .Hž /0
1rq
tŽ .qy1 rq q< < < <g t F t g 9 s ds 23Ž . Ž . Ž . Ž .Hž /0
Ž . Ž .for s g I , t g I . From 22 and 23 and using the elementary inequalityx y
Ž .5 , we observe that
< < < <f s g tŽ . Ž .
1rp 1rqs tŽ . Ž .py1 rp qy1 rq p q< < < <F s t f 9 t dt g 9 s dsŽ . Ž . Ž . Ž .H Hž / ž /0 0
py1 qy1 1rp 1rqss t tp q< < < <F q f 9 t dt g 9 s ds 24Ž . Ž . Ž .H Hž / ž /p q 0 0
Ž .for s g I , t g I . From 24 we observe thatx y
1rp 1rq< < < < sf s g t 1Ž . Ž . tp q< < < <F f 9 t dt g 9 s ds 25Ž . Ž . Ž .H Hpy1 qy1 ž / ž /pqqs q pt 0 0
Ž .for s g I , t g I . Integrating both sides of 25 over t from 0 to y first andx y
then integrating the resulting inequality over s from 0 to x and using
Ž . Ž .Holder's integral inequality with indices p, pr p y 1 and q, qr q y 1 ,È
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we observe that
1rp< < < <x y x sf s g t 1Ž . Ž . p< <ds dt F f 9 t dt dsŽ .H H H Hpy1 qy1 ½ 5ž /pqqs q pt0 0 0 0
1rqy t q< <= g 9 s ds dtŽ .H H½ 5ž /0 0
1rpx s1 Ž .py1 rp p< <F x f 9 t dt dsŽ . Ž .H H½ 5ž /pq 0 0
1rqy tŽ .qy1 rq q< <= y g 9 s ds dtŽ . Ž .H H½ 5ž /0 0
1rpx
p< <s K p , q , x , y x y s f 9 s dsŽ . Ž . Ž .Hž /0
1rqy
q< <= y y t g 9 t dt .Ž . Ž .Hž /0
This completes the proof of Theorem 2.
4. PROOFS OF THEOREMS 3 AND 4
From the hypotheses of Theorem 3, it is easy to observe that the
following identities hold
s t
a s, t s = = a j , h , 26Ž . Ž . Ž .Ý Ý 2 1
js1 hs1
k r
b k , r s = = b s , t 27Ž . Ž . Ž .Ý Ý 2 1
ss1 ts1
Ž . Ž . Ž . Ž .for s, t g N = N , k, r g N = N . From 26 and 27 and usingx y z w
Ž . Ž .Holder's inequality with indices p, pr p y 1 and q, qr q y 1 , respec-È
tively, we have
1rps t
Ž .py1 rp p< < < <a s, t F st = = a j , h , 28Ž . Ž . Ž . Ž .Ý Ý 2 1ž /
js1 hs1
1rqk r
Ž .qy1 rq q< < < <b k , r F kr = = b s , t 29Ž . Ž . Ž . Ž .Ý Ý 2 1ž /
ss1 ts1
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Ž . Ž . Ž . Ž .for s, t g N = N , k, r g N = N . From 28 and 29 and using thex y z w
Ž .elementary inequality 5 , it is easy to observe that
1rps t< < < <a s, t b k , r 1Ž . Ž . p< <F = = a j , hŽ .Ý Ý 2 1py1 qy1 ž /pqq st q p krŽ . Ž . js1 hs1
1rqk r
q< <= = = b s , t 30Ž . Ž .Ý Ý 2 1ž /
ss1 ts1
Ž . Ž . Ž .for s, t g I = I , k, r g I = I . Taking the sum on both sides of 30x y z w
first over r from 1 to w and then over k from 1 to z and taking the sum on
both sides of the resulting inequality first over t from 1 to y and then over
Ž .s from 1 to x and using Holder's inequality with indices p, pr p y 1 andÈ
Ž .q, qr q y 1 and interchanging the order of the summations, we observe
that
yx z w < < < <a s, t b k , rŽ . Ž .
Ý Ý Ý Ý py1 qy1ž /q st q p krŽ . Ž .ss1 ts1 ks1 rs1
1rpyx s t1 p< <F = = a j , hŽ .Ý Ý Ý Ý 2 1ž /pq ss1 ts1 js1 hs1
1rqz w k r
q< <= = = b s , tŽ .Ý Ý Ý Ý 2 1ž /
ks1 rs1 ss1 ts1
1rpyx s t1 Ž .py1 rp p< <F xy = = a j , hŽ . Ž .Ý Ý Ý Ý 2 1½ 5ž /pq ss1 ts1 js1 hs1
1rqz w k r
Ž .qy1 rq q< <= zw = = b s , tŽ . Ž .Ý Ý Ý Ý 2 1½ 5ž /
ks1 rs1 ss1 ts1
s L p , q , x , y , z , wŽ .
1rpyx
p< <= x y s q 1 y y t q 1 = = a s, tŽ . Ž . Ž .Ý Ý 2 1ž /
ss1 ts1
1rqz w
q< <= z y k q 1 w y r q 1 = = b k , r .Ž . Ž . Ž .Ý Ý 2 1ž /
ks1 rs1
The proof of Theorem 3 is complete.
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From the hypotheses of Theorem 4, we have the following identities
s t
f s, t s D D f j , h dj dh , 31Ž . Ž . Ž .H H 2 1
0 0
rk
g k , r s D D g s , t ds dt 32Ž . Ž . Ž .H H 2 1
0 0
Ž . Ž . Ž . Ž .for s, t g I = I , k, r g I = I . From 31 and 32 and using Holder'sÈx y z w
Ž . Ž .integral inequality with indices p, pr p y 1 and q, qr q y 1 , respec-
tively, we observe that
1rps tŽ .py1 rp p< < < <f s, t F st D D f j , h dj dh , 33Ž . Ž . Ž . Ž .H H 2 1ž /0 0
1rqrkŽ .qy1 rq q< < < <g k , r F kr D D g s , t ds dt 34Ž . Ž . Ž . Ž .H H 2 1ž /0 0
Ž . Ž . Ž . Ž .for s, t g I = I , k, r g I = I . From 33 and 34 and using thex y z w
Ž .elementary inequality 5 , it is easy to observe that
< < < <f s, t g k , rŽ . Ž .
py1 qy1q st q p krŽ . Ž .
1rps1 t p< <F D D f j , h dj dhŽ .H H 2 1ž /pq 0 0
1rqrk q< <= D D g s , t ds dt 35Ž . Ž .H H 2 1ž /0 0
Ž . Ž . Ž .for s, t g I = I , k, r g I = I . Integrating both sides of 35 firstx y z w
over r from 0 to w and then over k from 0 to z and integrating both sides
of the resulting inequality over t from 0 to y and over s from 0 to x and
Ž . Ž .using Holder's inequality with indices p, pr p y 1 and q, qr q y 1 andÈ
Fubini's theorem, we observe that
< < < <x y z w f s, t g k , rŽ . Ž .
dk dr ds dtH H H H py1 qy1ž /0 0 0 0 q st q p krŽ . Ž .
1rpx y s1 t p< <F D D f j , h dj dh ds dtŽ .H H H H 2 1ž /pq 0 0 0 0
1rqz w rk q< <= D D g s , t ds dt dk drŽ .H H H H 2 1ž /0 0 0 0
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Ž .py1 rp 1rpx y sxyŽ . t p< <F D D f j , h dj dh ds dtŽ .H H H H 2 1½ 5ž /pq 0 0 0 0
1rqz w rkŽ .qy1 rq q< <= zw D D g s , t ds dt dk drŽ . Ž .H H H H 2 1½ 5ž /0 0 0 0
1rpx y
p< <s C p , q , x , y , z , w x y s y y t D D f s, t ds dtŽ . Ž . Ž . Ž .H H 2 1ž /0 0
1rqz w
q< <= z y k w y r D D g k , r dk dr .Ž . Ž . Ž .H H 2 1ž /0 0
This completes the proof of Theorem 4.
Remark 3. We note that the inequalities obtained in this paper are
different from those given in Theorems A and B and we believe that they
are new to the literature. For various other inequalities different from
w xthose given here, see the recent papers 8]11 .
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